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Asymmetric auctions with risk averse preferences

Sanyyam Khurana∗

Abstract
In this paper, we characterize all the Bayesian equilibria of a first-

price auction for asymmetric bidders with risk averse preferences. The
necessary conditions for an equilibrium are pure strategy, continuity
and strict monotonicity. Next, we show that first-order stochastic dom-
inance is a necessary condition and conditional stochastic dominance
is a sufficient condition to unambiguously rank the bidding strategies.
We establish bidders’ preferences for the first-price and the second-price
auction under different types of risk aversion. Finally, for a special fam-
ily of utility functions and distribution functions, we study the impact
of asymmetry on seller’s revenue in a first-price auction.

JEL classification: D44, D82
Keywords: Asymmetric auctions, first-price auction, risk aversion

1 Introduction

This paper provides necessary and sufficient conditions of an equilibrium in a
first-price auction game with incomplete information when bidders are asym-
metric and have risk averse preferences. The assumption of symmetric bidders
and risk neutral preferences in auction theory is too strong. Asymmetric auc-
tions with risk neutral preferences have been extensively studied in Plum
[19]; Lebrun [10]; Maskin and Riley [13, 14, 15]; Cheng [3]; Cantillon [2] and
Kirkegaard [5]. On the other hand, symmetric auctions with risk averse pref-
erences have been studied in Holt [4]; Riley and Samuelson [20]; Maskin and
Riley [12]; and Matthews [17]. In this paper, we study asymmetric auctions
with risk averse preferences.

Consider two bidders playing an auction game with incomplete informa-
tion for an indivisible object. Nature draws a type for each bidder and informs
them privately. The probability distributions of bidders’ types are indepen-
dently distributed and are common knowledge among bidders and the seller.
The von-Neumann-Morgenstern utility function of every bidder is continu-
ous, strictly increasing and strictly concave on the real line. Bidders are
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homogeneous in utility functions but heterogeneous in distribution functions.
The bidder with the highest bid wins the object and pays according to the
underlying auction mechanism.

An explicit expression for bidding strategy in a first-price auction does not
exist when bidders are asymmetric or risk averse.1 Moreover, it is not always
possible to find analytical solutions for a given family of distribution functions
when bidders are asymmetric. Nevertheless, the differential equations charac-
terizing the bidding strategies are quite useful in examining the properties of
equilibrium such as bidding behavior, revenue rankings, bidders’ preferences,
etc. In order to characterize the bidding strategy, some structure on the
smoothness of the bidding functions is required which includes measurability,
monotonicity and continuity. A priori, assuming that bidding strategies are
measurable functions, monotonically increasing and continuous restricts the
class of bidding strategy. Lebrun [10] characterizes all the Bayesian equi-
libria of a first-price auction by making no prior assumption on the bidding
strategy. However, he assumes that bidders are risk neutral. In this paper,
we characterize all the Bayesian equilibria of a first-price auction with asym-
metric and risk averse bidders. While characterizing the equilibria, we do
not presume that bidding strategies are pure, strictly increasing and contin-
uous. Thus, there is a possibility for a random strategy equilibrium which
may be discontinuous and non-increasing. Theorem 1 of this paper shows
that the necessary conditions characterizing the equilibria are pure strategy,
strict monotonicity and continuity. Furthermore, the differential equations
representing the bidding strategies are both necessary and sufficient.

Stochastic orders play a crucial role in comparing bidding strategies and
bid distributions. Some of the stochastic orders which are widely used in
auction theory are first-order stochastic dominance, second-order stochas-
tic dominance, hazard rate dominance, conditional stochastic dominance (or
reverse hazard rate dominance) and likelihood ratio dominance. It is well
known that, with risk neutral bidders, conditional stochastic dominance is a
sufficient condition to unambiguously rank the bidding strategy and the bid
distribution (Lebrun [10] and Maskin and Riley [13]). Kirkegaard [5] studies
the bidding behavior by not restricting to stochastic orders. In this paper,
we follow the approach used by Kirkegaard [5]. We allow (a) the distribution
functions to intersect a finite number of times, and (b) the slope of the ratio of
distribution functions to change its sign a finite number of times. The special
cases of (a) and (b) include first-order stochastic dominance and conditional
stochastic dominance respectively. In Theorem 2, we derive an upper bound
on the number of times the expected utility functions intersect. In Theorem
3, we derive an upper bound on the number of times the ratio of expected
utility functions and the ratio of distribution functions intersect. The im-
plications of these results convey that (a) first-order stochastic dominance
is a necessary condition and conditional stochastic dominance is a sufficient

1For example, see [19], [12].
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condition to unambiguously rank the bidding strategies, and (b) first-order
stochastic dominance is a sufficient condition to unambiguously rank the bid
distributions.

In section 5 and henceforth, we consider that one bidder is “strong” and
the other is “weak”. Roughly speaking, a bidder is strong or weak in the sense
that the probability of getting a high type is more for the strong bidder than
the weak bidder. We compare bidders’ preferences for the first-price and the
second-price auction under different types of risk aversion. It is known that,
when bidders are symmetric and have constant absolute risk averse utility
function, then bidders are indifferent between the first-price and the second-
price auction (Matthews [17]). We show that the above result no longer holds
when bidders are asymmetric. It is also known that, when bidders are sym-
metric and have risk neutral preferences, then the weak bidder prefers a first-
price auction and the strong bidder prefers a second-price auction (Maskin
and Riley [13]). We show that the above result cannot be generalized for
different types of risk aversion whenever bidders are asymmetric.

An important question to ask is the following: Does the seller prefer asym-
metric bidders over symmetric bidders in a first-price auction? The answer
depends on the format of auction mechanism, how the symmetric bidders
are related to asymmetric bidders, family of distribution functions, family of
utility functions and so on. For a special family of distribution functions and
increasing absolute risk averse utility function, we compare the seller’s rev-
enue for different degrees of asymmetry in a first-price auction. We show that
the seller’s revenue declines as the degree of asymmetry is high. Another im-
portant question that arises is that which auction format is preferred by the
seller when bidders are asymmetric and risk averse? The revenues generated
from first-price and second-price auction are equivalent whenever bidders are
symmetric and risk neutral. However, whenever bidders are asymmetric, the
revenues from first-price and second-price auction cannot be “generally” com-
pared. Nevertheless, a first-price auction is revenue superior to a second-price
auction under restrictive conditions which includes reverse hazard rate dom-
inance and “stretched” or “shifted” probability distributions. Unfortunately,
this revenue ranking does not hold if bidders are risk averse. Nevertheless,
by restricting attention to linear bidding strategies and a special family of
utility functions and distribution functions, we show that a first-price auction
is revenue superior to a second-price auction.

1.1 The literature

In auction literature, the key assumptions are (a) symmetric bidders, (b)
independent and private types, (c) risk neutrality, (d) no collusion, and (e)
the bidder with highest bid wins the object. Myerson [18] and Riley and
Samuelson [20] independently show that revenue equivalence theorem holds if
all the assumptions (a)-(e) are satisfied. Notice that the revenue equivalence
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theorem does not depend on the nature of payment structure. This means
that the theorem holds for all types of auction mechanisms such as first-price
auction, second-price auction, third-price auction, all-pay auction and so on.
Moreover, both first-price and second-price auction mechanisms are efficient,
i.e., they award the object to the bidder with the highest type (or valuation).
Another important feature is that an explicit expression exists for the bidding
strategy in a first-price auction. However, most of these results do not hold
if any of the above assumption is violated.

Riley and Samuelson [20]; Maskin and Riley [16]; and Matthews [17] relax
the assumption of risk neutrality. Riley and Samuelson [20] and Maskin and
Riley [16] independently show that revenue equivalence theorem does not
hold. Specifically, they show that a first-price auction is revenue superior
to a second-price auction. Also, both first-price and second-price auction
mechanisms are efficient. On the other hand, Matthews [17] compares bidders’
preferences under different types of absolute risk aversion. He shows that,
with increasing absolute risk aversion, bidders prefer a first-price auction;
with constant absolute risk aversion, they are indifferent; and with decreasing
absolute risk aversion, they prefer a second-price auction.

Plum [19]; Lebrun [9, 10]; Maskin and Riley [13]; Kirkegaard [5]; Cheng
[3]; and Cantillon [2] relax the assumption of symmetric bidders. Plum [19]
and Lebrun [10] characterizes all the Bayesian equilibria of a first-price auc-
tion. While characterizing the equilibria, Plum [19] presumes that bidding
strategies are pure. He shows that bidding strategies are strictly increasing
and continuous. On the other hand, by making no prior assumption on the
bidding strategies, Lebrun [10] characterizes all the Bayesian equilibria. He
shows that bidding strategies are pure, strictly increasing and continuous.
Maskin and Riley [13] (henceforth, M-R) studies bidding behavior and other
properties of equilibrium by considering one strong and one weak bidder in
their analysis. They show that the weak bidder bids more aggressively and
produces a weaker bid distribution than the strong bidder. Moreover, the
first-price auction is inefficient, i.e., the bidder with the lowest valuation also
wins the auction with positive probability. On the other hand, the second-
price auction is efficient, since it still remains a weakly dominant strategy
to bid your own type. M-R also shows that general revenue rankings for
the first-price and the second-price auction cannot be established. But by
making certain assumptions on the asymmetry of bidders, they show that
a first-price auction generates more revenue for the seller as compared to a
second-price auction. M-R also compares the bidders’ preferences for the first-
price and the second-price auction. They show that the weak bidder prefers
a first-price auction whereas the strong bidder prefers a second-price auction.
Lebrun [9] studies the bidding behavior when the distribution function of a
bidder changes stochastically. He shows that a bidder starts behaving more
aggressively due to a stochastic improvement in the distribution function of
the other bidder. Kirkegaard [5] studies the bidding behavior by not restrict-
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ing to stochastic orders. He shows that conditional stochastic dominance is a
sufficient condition and first-order stochastic dominance is a necessary condi-
tion to unambiguously compare the bidding strategies. For a special family
of distribution functions and linear bidding strategies, Cheng [3] shows that
a first-price auction is revenue superior to a second-price auction. Cantillon
[2] compares the seller’s expected revenue for symmetric and asymmetric bid-
ders. For three special family of distribution functions, she proves that the
seller prefers symmetric bidders over asymmetric bidders.

In this paper, we relax the assumption of symmetric bidders and risk neu-
trality simultaneously. We study the impact of asymmetry and risk aversion
on various properties of bidding behavior.

1.2 Outline

The structure of the paper is as follows. In section 2, we characterize all the
Bayesian equilibria of a first-price auction when the bidders are risk averse
expected utility maximizers. In section 3, we compare the bidding strategies
by not restricting to stochastic orders. In section 4, we study the bidding be-
havior when the distribution function of a bidder changes stochastically. In
section 5, we establish bidders’ preferences under different types of risk aver-
sion. In section 6, we study the impact of asymmetry on seller’s revenue for
a special family of utility functions and probability distributions. In section
7, we compare seller’s revenue for a special family of utility and probability
distributions. Section 8 concludes the paper.

2 Economic environment

We introduce the formalism of the model. Consider the following independent
private valuation model. A single unit of an indivisible object is available
for sale through a first-price sealed bid auction. There are two asymmetric
bidders with risk averse preferences. The set of bidders is denoted by N =
{1, 2}. Let Ti = [0, ai] ⊂ < be the type space of bidder i and ti ∈ Ti be
his type. Let T = T1 × T2 be the product type space and t ∈ T be a type
profile. Nature draws a type profile t ∈ T and privately informs ti to bidder
i, i.e., bidder i knows ti and not tj for every j 6= i. Let Bi ⊆ <+ be the
bidding space of bidder i and bi ∈ Bi be his bid. Let B = B1 × B2 be the
product bidding space and b ∈ B be a bidding profile. The von-Neumann-
Morgenstern utility function for both the bidders is u : <+ → < with u(0) = 0,
u′ > 0 and u′′ < 0.2 The distribution function is given by Fi : Ti → <. We
assume that Fi is twice continuously differentiable. We also assume that the

2Alternatively, in a more general framework, ui = u(b, ti) such that ui is monotonic
and weakly supermodular. In our framework, the assumption of strictly increasing and
concave is equivalent to the assumption of monotonicity and weak supermodularity in a
more general framework.
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distribution function has positive density, which is denoted by fi, and the
density function is always bounded away from zero, i.e., fi > 0 for every
ti ∈ Ti. Moreover, the distribution functions are independently distributed
and are common knowledge among bidders and the seller.

The structure of the game is as follows. The seller of the object conducts
a first-price auction. All the bidders submit their bids simultaneously in a
sealed envelope. The bidder with the highest bid is the winner of the auction
and pays his own bid whereas the loser of the auction does not pay anything.
In case of a tie, the seller chooses the winner by a fair lottery. All the bidders
are expected utility maximizers. For simplicity, we assume that the seller is
risk neutral and his reservation utility is zero.

The payoff function πi : Ti ×B → < for bidder i is defined as

πi(ti, bi, bj) =


u(ti−bi)
|Z| ; i ∈ Z

u(0) ; i /∈ Z

where Z = {i|maxi bi} and |Z| is the cardinality of Z. Notice that the payoff
of a bidder does not depend on the type of other bidders.

Formally, we define a Bayesian game as

Γ = {N, ((Ti, Ti, µi), (Bi,Bi), πi)i∈N}

N is the set of bidders, (Ti, Ti, µi) is a probability space, (Bi,Bi) is a
measurable space and πi is the payoff function. We assume that the measure
µi is absolutely continuous with respect to the Lebesgue measure for every
i ∈ N . The probability measure µi is generated from the distribution function
Fi and is defined as µi(c, d] := Fi(d)− F (c) for every c, d ∈ <+.

We define the behavioral and mixed strategy of the bidders. The function
ψi : Ti × Bi → < is a behavioral strategy of bidder i if
(A) ψi(., Ai) : Ti → < is Ti-measurable function for every Ai ∈ Bi; and
(B) ψi(ti, .) : Ti → < is a probability measure for every ti ∈ Ti.

The behavioral strategy is a transition function or a regular conditional
distribution. We interpret ψi(ti, Ai) as the probability that bi ∈ Ai given his
type ti ∈ Ti.

The strategy ψi is pure if for every ti ∈ Ti,
(A) there exists a singleton set Si such that ψi(ti, Si) = 1; and
(B) ψi(ti, Ai) = 0 for every Ai ∈ Ti such that Ai 6= Si.

With abuse of notation, whenever ψi(ti, {bi}) = 1, we write ψi(ti) = bi.
We now define the mixed strategy of the bidders. The mixed strategy will

be induced by the behavioral strategy. Let the space of behavioral strategy
ψi be ∆(Bi). Consider a measurable rectangle Pi × Qi ∈ Ti ⊗ Bi such that
Pi ∈ Ti and Qi ∈ Bi. Let the space of all measurable rectangles be Ei. The
pair (Ti × Bi, Ti ⊗ Bi) is a product measurable space. We define a product
measure ϕi : Ti ⊗ Bi → < as

ϕi(Pi ×Qi) :=
∫
Pi

µi(dti)ψi(ti, Qi)
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for every Pi × Qi ∈ Ti ⊗ Bi. Note Pi ⊆ Ti and Qi ⊆ Bi. We interpret
ϕi(Pi ×Qi) as the probability that ti ∈ Pi and bi ∈ Qi.

The mixed strategy βi : Bi → < is the marginal of ϕi on Ti, i.e.,
βi(Qi) := ϕi(Ti, Qi) for every Qi ∈ Bi. We interpret βi(Qi) as the probability
that bi ∈ Qi. Consequently, the triplet (Bi,Bi, βi) is a measure space. On the
other hand, the marginal of ϕi on Bi is µi(Pi) = ϕi(Pi, Bi).

We now define the expected utility of bidders. We shall define the expected
utility function conditional on their own type. The interim expected utility
Ui : ∆(Bi)×∆(Bj)× Ti → < for bidder i ∈ N is

Ui(ψi, ψj , ti) =
∫
Bi×Tj×Bj

ψi(ti,dbi)⊗ ϕj(dtj ,dbj)πi(ti, bi, bj)

for every ti ∈ Ti.
We now define a Bayesian equilibrium in behavioral strategies.

Definition 1. A profile of functions (ψi, ψj) is a Bayesian equilibrium if
for every i ∈ N , ti ∈ Ti and ψ′i ∈ ∆(Bi),

Ui(ψi, ψj , ti) ≥ Ui(ψ′i, ψj , ti).

Consider a probability bidding space (Bi,Bi, βi). Let gi : Bi → < be a
Bi-measurable random variable with respect to the probability measure βi.
We interpret gi as the bid made by bidder i. The co-domain of the function
gi represents the set of “effective” bids when i follows a mixed strategy βi.

Let {(Bi,Bi, ψi(ti, .))|ti ∈ Ti} be a family of probability bidding spaces.
For a given type ti, consider a probability bidding space (Bi,Bi, ψi(ti, .)).
Let hi(., ti) : Bi → < be a Bi-measurable random variable with respect to
the probability measure ψi(., ti). Let {hi(., ti)|ti ∈ Ti} be a family of Bi-
measurable functions. We interpret hi(., ti) as the bid made by bidder i.
The co-domain of the function gi(ti) represents the set of bids that bidder i
bids with positive probability when the behavioral strategy ψi(ti, .) is imple-
mented.

To show that equilibrium is in pure strategies, we construct a correspon-
dence indicating the set of all the bids chosen by the player for a given type.
We then segregate this correspondence into two functions indicating the infi-
mum and supremum of the set of all the bids chosen. The underlying idea is
to show that, for a given type, there exists a unique bid chosen by the player
in equilibrium, i.e., the correspondence is indeed a function, or equivalently,
both the functions are essentially the same.

Suppose (ψi, ψj) is a Bayesian equilibrium. Let a correspondence Σi :
Ti ⇒ Bi be defined as

Σi(ti) = {bi ∈ Bi|Ui(ψi, ψj , ti) = Ui(bi, ψj , ti)}

Let the functions Λi : Ti → Bi and Ωi : Ti → Bi be defined as
Λi(ti) = inf Σi(ti), and
Ωi(ti) = sup Σi(ti)

7



for every i ∈ N . By the definition of a Bayesian equilibrium, Ui(ψi, ψj , ti)
is the maximum expected payoff generated by bidder i given that bidder j
follows ψj . Given a type ti, Σi(ti) is the set of all those bids which bidder i bids
with positive probability. Furthermore, Λi(ti) and Ωi(ti) are the infimum and
supremum of all those bids respectively. Thus, by the definition of a random
strategy equilibrium, the sets Λi(ti) and Ωi(ti) are non-empty for every ti ∈ Ti
and for every i ∈ N .

In order to show that bidding strategies are measurable functions (pure
strategies), we need to show that the correspondence Σi is indeed a function,
or equivalently, the functions Λi and Ωi are essentially the same. In Appendix
A, we study important properties of Λi and Ωi. Here, we discuss those prop-
erties very briefly. The following are the properties:
(A) Λi(0) = Ωi(0) = 0 and Λi(ai) = Ωi(ai) = b̄ for some b̄ ∈ <++.
(B) Λi and Ωi are strictly increasing in types.
(C) Λi and Ωi are continuous functions.

From (A) and (C), it follows that Λi and Ωi are equivalent. Thus, equi-
librium bidding strategies are measurable functions, strictly increasing and
continuous.

It can be readily seen that

ψi(0) = 0 and ψi(ti) = b̄ for some b̄ ∈ <++ (1)

After establishing the measurability, monotonicity and continuity prop-
erties of the equilibrium, we are now ready to characterize all the Bayesian
equilibria by deriving the differential equations. Often, it is more convenient
to work with inverse bidding strategies rather than bidding strategies.

Suppose bidder i with type ti bids b and bidder j follows his equilibrium
bidding strategy ψj . Then, bidder i wins the auction by bidding b if and only
if the type of bidder j is less than the type required by bidder j in order to
bid b, i.e., tj < ψ−1

j (b). Hence, bidder i wins with probability Fj ◦ ψ−1
j (b) by

bidding b. Therefore, the optimization problem of bidder i is

max
b
Fj ◦ ψ−1

j (b)u(ti − b)

The first-order condition leads to the following differential equation

Fi ◦ ψ−1
i (b)

DFi ◦ ψ−1
i (b)

=
u(ψ−1

j (b)− b)
u′(ψ−1

j (b)− b)
(2)

We state the characterization of all Bayesian equilibria.

Theorem 1 (Characterization of equilibria). The profile of functions (ψi, ψj)
is a Bayesian equilibrium if and only if for every i ∈ N ,
(A) ψi is pure, strictly increasing and continuous; and
(B) (ψi, ψj) solves the boundary value problem given by (1) and (2).
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Proof. Appendix B �

The above theorem has two main insights. First, the necessary conditions
characterizing the equilibria are pure strategy, strict monotonicity and conti-
nuity. Second, the differential equation given by the first-order condition of
the optimization problem is both necessary and sufficient for an equilibrium.

3 Bidding behavior

In this section, we derive the necessary and sufficient conditions required to
unambiguously rank the bidding strategies. To do so, we will not use the
differential equations derived in section 2. Instead, we will use a different
methodology as given in Kirkegaard [5]. We compare the ratio of expected
utilities and the ratio of distribution functions to establish some interesting
properties of the equilibrium. The expected utilities are endogenous in the
model whereas the distribution functions are exogenous. Moreover, the ratio
of distribution functions reflect the “relative power” of a bidder. We shall
shortly see how the bidding behavior is affected by the relative power of a
bidder.

To begin with, we do not restrict to any stochastic order on the probabil-
ity distributions. We present the results in a more general way. First-order
stochastic dominance means that the ratio of distribution functions is either
more than or less than one, i.e., the distribution functions never intersect.
And, conditional stochastic dominance means that the slope of the ratio of
distribution functions is monotone, i.e., the slope of the ratio of distribution
functions never changes its sign. We allow the distribution functions to in-
tersect a finite number of times and the slope of the ratio of distribution
functions to change its sign a finite number of times. Of course, the spe-
cial cases would include the first-order stochastic dominance and conditional
stochastic dominance. We are interested in answering the following questions.
How many times the bidding strategies intersect when the distribution func-
tions intersect a finite number of times, say M2? How many times the ratio
of the expected utilities will be equal to the ratio of the distribution functions
when it is known that the slope of the ratio of distribution functions changes
its sign a finite number of times, say M1?

We now begin the formal analysis. Consider bidder i with type t. Suppose
he follows his equilibrium bidding strategy ψi and the other bidder follows
his equilibrium bidding strategy ψj . Then, the expected utility of bidder i is

Ui(t) = u(t− ψi(t))Fj ◦ ζj(t) (3)

where ζj(t) = ψ−1
j ◦ ψi(t). In words, for a given type t of bidder i, ζj is the

type required by bidder j to match the bid made by bidder i. In the above
expression, Fj ◦ ζj(t) is the probability that bidder i with type t will win the
auction by bidding ψi(t).
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We can re-write the expected utility of bidder i in an alternate manner.
Consider bidder i with type t. Suppose bidder j follows his equilibrium bid-
ding strategy ψj . The optimization problem for bidder i requires to choose x
in order to maximize u(t − ψi(x))Fj ◦ ζj(x). Therefore, the expected utility
can be re-written as

Ui(t) = max
x

u(t− ψi(x))Fj ◦ ζj(x) (4)

Using Envelope Theorem in (4), we have

DUi(t) = u′(t− ψi(t))Fj ◦ ζj(t) (5)

Integrating the above equation and using the fact that Ui(0) = 0, we get

Ui(t) =
∫ t

0
u′(x− ψi(x))Fj ◦ ζj(x)dx (6)

For this section, we assume that the type spaces are same for both the
bidders and are given by T1 = T2 = [0, ā]. In the following Lemma, we capture
some insights if it is given that bidder i is better off than bidder j.

Lemma 1. If Ui(t) > Uj(t) for every t ∈ (0, ā), then Fj ◦ ζj(t) > Fi(t) and
Fi ◦ ζi(t) < Fj(t).

Proof. Appendix B �

The above Lemma states that for every t, if the expected utility of bidder
i is more than that of bidder j, then the probability that bidder i will get a
type higher than t (resp. ζi(t)) is more than the probability that bidder j will
get a type higher than ζj(t) (resp. t). Intuitively, this means that if bidder i
is better off than bidder j, then bidder i will win more often than bidder j.

Let Gi : (0, ā]→ <++ be defined as

Gi(t) = Fj(t)
Fi(t)

In words, Gi is the relative power of bidder i with respect to bidder j. We
say bidder i is strong (resp. weak) if Gi is greater (resp. less) than one.
When Gi > 1, Fi first-order stochastically dominates Fj . This means that
the relative power of bidder i is more than that of bidder j. On the contrary,
when Gi is strictly monotonically decreasing, Fi conditional stochastically
dominates Fj . This means that the relative power of bidder i decreases with
increasing type. As we shall see, these two properties about the relative power
play a key role in determining the bidding behavior of agents.

Let
Ui(t) = Ui(t)

Uj(t)
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In words, Ui is the relative expected utility of bidder i with respect to
bidder j.

In the following Lemma, we show how bidding strategies, expected utilities
and distribution functions are related.

Lemma 2. The following statements are equivalent:
(A) ψi(t) > (=, <)ψj(t) for every t ∈ (0, ā).
(B) Ui(t) > (=, <)Gi(t) for every t ∈ (0, ā).
(C) DUi(t) > (=, <)0 for every t ∈ (0, ā).

Proof. Appendix B �

Bidder i bids more aggressively than bidder j if and only if his relative
expected utility is more than his relative power.

Let M1 be the number of stationary points of Gi. We interpret M1 as the
number of times the slope of Gi changes its sign. We assume that M1 < ∞.
As a special case, M1 = 0 implies that the relative power of a bidder is
either increasing or decreasing everywhere, i.e., the distribution function of
one bidder is conditional stochastically dominant to that of the other bidder.
We now partition the type space into M1 + 1 intervals such that on each
interval, the function Gi is either increasing or decreasing. Formally, the type
space can be partitioned as

(0, ā] =
M1⋃
k=0

(rk, rk+1]

such that r0 = 0 < r1 < ... < rM1 < rM1+1 = ā.
Let M2 be the number of times Gi(t) = 1. We interpret M2 + 1 as the

number of times Fi is less than or greater than Fj over the whole type space.
We assume that M2 < ∞. As a special case, M2 = 0 implies that the
distribution function of one bidder first-order stochastically dominates that
of the other bidder. We now partition the type space into M2 + 1 intervals
such that on each interval, the function Gi is either greater than one or less
than one. Formally, the type space can be partitioned as

(0, ā] =
M2⋃
k=0

(sk, sk+1]

such that s0 = 0 < s1 < ... < sM2 < sM2+1 = ā.
Without loss of generality, assume Gi(t) > 1 and DGi(t) < 0 for every

t ∈ (sM2 , ā]. We now analyze the behavior of the relative expected utility
function when the number of times Gi equals one is finite. In the following
theorem, we provide an upper bound on the number of times the expected
utility of bidder i equals the expected utility of bidder j.

Theorem 2. Ui(t) = 1 at most M2 times on (0, ā).
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Proof. We show that Ui(t) = 1 at most once on each (sk, sk+1). Consider the
first partition (0, s1). Suppose Gi(t) > 1 for every t ∈ (0, s1). Suppose there
exists t′ ∈ (0, s1) such that Ui(t) = 1. Then, Ui(t′) < Gi(t′). From Lemma
2, U ′i(t′) < 0. We show that Ui 6= 1 on (t′, s1). We show by contradiction.
Suppose there exists t′′ ∈ (t′, s1) such that Ui(t′′) = 1. Since U ′(t′) < 0,
it follows that there exists t′′′ ∈ (t′, s1) such that t′′′ < t′′ and U ′i(t′′′) = 0.
From Lemma 2, Ui(t′′′) = Gi(t′′′), which is a contradiction, as Ui(t′′′) < 1 and
Gi(t′′′) > 1. Hence, Ui(t) = 1 at most once on (0, s1). Similarly, Ui(t) = 1 at
most once on each (sk, sk+1). A similar argument holds if Gi(t) < 1 for every
t ∈ (0, s1). Therefore, Ui(t) = 1 at most M2 times on (0, ā). �

The number of times expected utility is same for both the bidders is less
than or equal to the number of times the distribution function of both the
bidders intersect. A caveat of the above result is that there is no lower bound
on the number of intersections of Ui and Uj . There is a possibility that Ui
is greater than one (or less than one) on the whole type space whenever
M2 > 0. Nonetheless, for the special case M2 = 0, some important properties
are discussed in the following corollaries.

Corollary 1. If M2 = 0, then Ui(t) > 1 for every t ∈ (0, ā).

Proof. Follows immediately from the definition of M2 and Theorem 2. �

Whenever bidder i first-order stochastically dominates bidder j, bidder i
generates more expected utility than bidder j.

Corollary 2. If M2 = 0, then Fi ◦ ψ−1
i (b) < Fj ◦ ψ−1

j (b) for every b ∈ (0, b̄).

Proof. Follows immediately from Lemma 1 and Theorem 2. �

Whenever bidder i first-order stochastically dominates bidder j, then bid-
der i produces a stronger bid distribution than bidder j, i.e., the equilibrium
winning probability is more for bidder i. An important implication is that
first-order stochastic dominance is a sufficient condition to rank the bid dis-
tributions.

Until now, we have found the upper bounds on the number of times the
relative expected utility equals one. In the following theorem, we provide
an upper bound on the number of times the relative expected utility equals
relative power.

Theorem 3. Ui(t) = Gi(t) at most M1 times on (0, ā).

Proof. We show Ui(t) = Gi(t) at most once on each (rk, rk+1). Consider the
first partition (0, r1). Suppose DGi(t) > 0 for every t ∈ (0, r1). Suppose there
exists t′ ∈ (0, r1) such that Ui(t′) = Gi(t′). Then, by Lemma 2, DUi(t′) = 0.

Two cases are possible: either t′ is a local maxima or a local minima. We
consider both the cases.

12



Suppose first that t′ is a local maxima. Then, Ui is decreasing in the
neighborhood of t′. We show Ui 6= Gi on (t′, ri). Suppose there exists t′′ ∈
(t′, r1) such that U ′(t′′) = 0. Then, by Lemma 2, Ui(t′′) = Gi(t′′) which is a
contradiction, as Ui(t′′) < Ui(t′) = Gi(t′) < Gi(t′′).

Now suppose, t′ is a local minima. Then, Ui is increasing in the neigh-
borhood of t′. By Lemma 2, Ui > Gi in the neighborhood of t′, which is a
contradiction.

Hence, Ui(t) = Gi(t) at most once on (0, r1). Similarly, Ui(t) = Gi(t) at
most once on each (rk, rk+1). A similar argument holds if DGi(t) < 0 for
every t ∈ (0, r1). Therefore, Ui(t) = Gi(t) at most once on each (rk, rk + 1).
From Lemma 2, Ui(t) = Gi(t) at most M1 times on (0, ā). �

The number of times the relative expected utility is equal to the relative
power is less than or equal to the number of times the slope of the relative
distribution function changes its sign. Equivalently, the upper bound on
the number of times the bidding strategies intersect is M1. This follows
directly from Lemma 2. It is worthwhile to note that whenever M1 > 0 and
M2 > 0, there exists a t ∈ (0, ā) such that Ui(t) = Gi(t). That is, there is a
lower bound on the intersection of the relative expected utility and relative
power whenever M1 > 0 and M2 > 0. However, there arises a possibility
that the bidding strategies can be unambiguously ranked when M1 > 0 and
M2 = 0 (first-order stochastic dominance). This means that when first-order
stochastic dominance is satisfied but conditional stochastic dominance is not
satisfied, then it may be possible to unambiguously compare the bidding
strategies. Few observations can be made regarding the intersection of Ui
and Gi whenever M1 = 0 (conditional stochastic dominance). We state those
observations in the following corollaries.

Corollary 3. If M1 = 0, then ψj(t) > ψi(t) for every t ∈ (0, ā).

Proof. Follows immediately from Lemma 2 and Theorem 3. �

The first observation is that whenever bidder i conditional stochastically
dominates bidder j, then bidder j bids more aggressively than bidder i. This
means that conditional stochastic dominance is a sufficient condition to un-
ambiguously rank the bidding strategies.

Corollary 4. If ψj(t) > ψi(t) for every t ∈ (0, ā), then M2 = 0.

Proof. Suppose ψj(t) > ψi(t) for every t ∈ (0, ā). Then, by Lemma 2,
DUi(t) < 0 for every t ∈ (0, ā). Since Ui(ā) = 1, it follows Gi(t) > Ui(t) > 1.
Therefore, M2 = 0. �

The second observation is that first-order stochastic dominance is a nec-
essary condition to unambiguously rank the bidding strategies.

As we have seen, Theorem 3 provides only upper bound on the number
of times Ui = Gi. We shall now discuss the conditions under which we can
precisely calculate the number of times Ui = Gi.
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Definition 2. Gi is said to have damped oscillation behavior if the fol-
lowing conditions are satisfied
(A) 1 < Gi(rM1) < Gi(rM1−2) < Gi(rM1−4) < . . .
(B) 1 > Gi(rM1−1) > Gi(rM1−3) > Gi(rM1−5) > . . .

From the above definition, it follows that M1 = M2.

Theorem 4. Suppose Gi has damped oscillation behavior. Then, Ui(t) = Gi(t)
exactly M1 times on (0, ā).

Proof. We show Ui = Gi exactly once on each (rk, rk+1). Note that Gi
is strictly increasing on (rM1−k, rM1−k+1) where k is odd; and Gi is strictly
decreasing on (rM1−l, rM1−l+1) where l is even. Also note that Gi has a critical
point at every rk. So, Gi has a local maxima at rl where l is even and a local
minima at rk where k is odd. Moreover, Gi equals one at every sk. From the
definition of damped oscillating behavior, Gi is strictly increasing at t = sM2−l
such that Gi(sM2−l) = 1 where l is even; and Gi is strictly decreasing at
t = sM2−k such that Gi(sM2−k) = 1 where k is odd.

Consider the set (rM1−1, rM1). We show that Ui = Gi exactly once in
this set. Recall that Gi(ā) = Ui(ā) = 1. From the continuity of Ui and the
compatibility of Lemma 2, Ui = Gi exactly once on (rM1−1, rM1). Let that
point be t∗.

Now consider the set (rM1−2, rM1−1). Note that t∗ is a local maxima of
Ui. From the definition of damped oscillating behavior, Ui(t∗) < Gi(rM1−2).
From Lemma 2, it follows Ui = Gi exactly once on (rM1−2, rM1−1). Using
similar arguments, Ui = Gi exactly once on each (rk, rk+1). �

Whenever the relative power function satisfies the damped oscillation be-
havior, the number of times the relative expected utility equals the relative
power is exactly equal to the number of critical points of the relative power
function.

4 Comparative statics

We now study a comparative static problem. Suppose the distribution func-
tion of a bidder changes stochastically in a manner that the new distribution
is dominant to the previous one. In other words, this bidder becomes rela-
tively stronger. We ask the following questions: How does the behavior of
bidders change due to a change in the distribution function of a bidder? Does
the other bidder—whose distribution function has not changed—behave more
aggressively? Does the winning probability of the bidder—whose distribu-
tion function has changed—increase? Is the bidder—whose distribution has
changed—better off and the bidder—whose distribution has not changed—
worse off?

Consider a bidder j with distribution function Fj . Suppose the distri-
bution function of j changes to F̂j such that F̂j is conditional stochastically
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dominant to Fj . When distribution functions are (Fi, Fj), the bidding strate-
gies and inverse bidding strategies are denoted by (ψi, ψj) and (θi, θj) respec-
tively. When the distribution functions are (Fi, F̂j), the bidding strategies and
inverse bidding strategies are denoted by (ψ̂j , ψ̂j) and (θ̂i, θ̂j) respectively.

When distribution functions are (Fi, Fj), the characterization of inverse
bidding strategies is given by

Dθj(b) = Fj ◦ θj(b)
fj ◦ θj(b)

u′(θi(b)− b)
u(θi(b)− b)

Dθi(b) = Fi ◦ θi(b)
fi ◦ θi(b)

u′(θj(b)− b)
u(θj(b)− b)

θi(0) = θj(0) = 0
θi(b̄) = ai & θj(b̄) = aj ∃ b̄ ∈ <++

(7)

When distribution functions are (Fi, F̂j), the the characterization of in-
verse bidding strategies is given by

Dθ̂j(b) = F̂j ◦ θ̂j(b)
f̂j ◦ θ̂j(b)

u′(θ̂i(b)− b)
u(θ̂i(b)− b)

Dθ̂i(b) = Fi ◦ θ̂i(b)
fi ◦ θ̂i(b)

u′(θ̂j(b)− b)
u(θ̂j(b)− b)

θ̂i(0) = θ̂j(0) = 0
θ̂i(b̂) = ai & θ̂j(b̂) = aj ∃ b̂ ∈ <++

(8)

We state the following result.

Theorem 5. Suppose the profiles of measurable functions (ψi, ψj) and (ψ̂i, ψ̂j)
are a Bayesian equilibrium when the distribution functions are (Fi, Fj) and
(Fi, F̂j) respectively. Suppose F̂j is conditional stochastic dominant to Fj and
Fi(0), Fj(0) > 0. Then,
(A) ψ̂i(ti) > ψi(ti) for every ti ∈ Ti − {0},
(B) F̂j ◦ θ̂j(b) < Fj ◦ θj(b) for every b ∈ B̄ − {0}.

Proof. Appendix B �

A stochastic change in the probability distribution of bidder j induces
bidder i to bid more aggressively. It also increases the winning probability of
bidder j. To establish this result, the key idea is to show that b̄ < b̂. Once
we have shown that b̄ < b̂, the exposition becomes relatively simpler. Since
b̄ < b̂, bidder i bids more aggressively than before around the neighborhood
of b̄. All that remains to show is that the two bidding strategies do not cross.
But to show b̄ < b̂ is not straightforward. We begin the analysis by assuming
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the counterfactual fact that θi ≤ θ̂i and θj ≤ θ̂j , and then show that both
the inequalities cannot hold together. Since θi ≤ θ̂i and θj ≤ θ̂j cannot hold
simultaneously, it must be true that b̄ < b̂.

When distribution functions are (Fi, Fj), we denote the equilibrium ex-
pected payoffs by Ui(ti, ψi, ψj) and Uj(tj , ψi, ψj). On the other hand, when
distribution functions are (Fi, F̂j), we denote the equilibrium expected payoffs
by Ûi(ti, ψ̂i, ψ̂j) and Ûj(tj , ψ̂i, ψ̂j).

An immediate corollary of the above theorem is that both the bidders are
worse off due to a stochastic change in the distribution function. This result
is stated below.

Corollary 5. Suppose the profiles of measurable functions (ψi, ψj) and (ψ̂i, ψ̂j)
are a Bayesian equilibrium when the distribution functions are (Fi, Fj) and
(Fi, F̂j) respectively. Suppose F̂j is conditional stochastic dominant to Fj and
Fi(0), Fj(0) > 0. Then, Ûi(ti, ψ̂i, ψ̂j) < Ui(ti, ψi, ψj) and Ûj(tj , ψ̂i, ψ̂j) <
Uj(tj , ψi, ψj) for every ti ∈ Ti − {0} and tj ∈ Tj − {0}.

Proof. Appendix B �

Since bidder j produces a stronger bid distribution after the distribution
change, it decreases the winning probability of bidder i for every b. Hence,
bidder i is worse off. On the contrary, as bidder i bids more aggressively
after the distribution change, it reduces the winning probability of bidder j
for every b. Thus, bidder j is worse off.

Notice that in establishing any of the above results, we made no assump-
tion on the type of asymmetries of the bidders. We discuss two special cases
here. Suppose bidder i is weak, bidder j is strong and F̂j = Fi. Then, the
weak bidder bids more aggressively while playing against a strong bidder than
playing against another weak bidder. On the contrary, suppose bidder i is
strong, bidder j is weak and F̂j = Fi. Then, the strong bidder bids more ag-
gressively while playing against a strong bidder than playing against another
weak bidder.

5 Different types of risk aversion

In this section and henceforth, we assume that one bidder is strong (s) and
the other is weak (w), i.e., N = {s, w}. We provide bidders’ preferences
for first-price and second-price auction under different types of absolute risk
aversion. We assume that the reserve price of r ∈ <++ is exogenously given.

We make the following assumption on the distribution functions.

Assumption 1. Fs is conditional stochastic dominant to Fw, i.e.,

fs(x)
Fs(x) >

fw(x)
Fw(x)

for every x ∈ <+.

16



The following Lemma states that the weak bidder bids more aggressively
and produces a weaker bid distribution than the strong bidder.

Lemma 3. Suppose Assumption 1 is satisfied. Then,
(A) ψw(t) > ψs(t) for every t ∈ Tw.
(B) Fs ◦ θs(b) < Fw ◦ θw(b) for every b ∈ (0, b̄).

Proof. Appendix B3 �

The Arrow-Pratt measure of absolute risk aversion is defined as A(x) =
−u′′(x)/u′(x) for every x ∈ <. The utility function u has increasing absolute
risk aversion if DA(x) > 0, has constant absolute risk aversion if DA(x) =
0 and has decreasing absolute risk aversion if DA(x) < 0. The following
properties are useful in establishing the bidders’ preferences for different types
of absolute risk aversion4:
(A) With increasing absolute risk aversion, u(x − y) = Eŷ(u(x − ŷ)) implies
u′(x− y) > Eŷ(u′(x− ŷ)).
(B) With constant absolute risk aversion, u(x − y) = Eŷ(u(x − ŷ)) implies
u′(x− y) = Eŷ(u′(x− ŷ)).
(C) With decreasing absolute risk aversion, u(x− y) = Eŷ(u(x− ŷ)) implies
u′(x− y) < Eŷ(u′(x− ŷ)).

Consider a first-price auction. The value function of bidder i is given by

V I
i (ti) = Fj ◦ θj(b∗)u(ti − b∗) (9)

where
b∗ ∈ arg max

b
Fj ◦ θj(b)u(ti − b)

Using Envelope Theorem, we have

DV I
i (ti) = Fj ◦ θj(b∗)u′(ti − b∗) (10)

Now consider a second-price auction. It can be easily checked that, in a
second-price auction, it is a weakly dominant strategy to bid your own type.
Thus, the value function of bidder is

V II
i (ti) = Fj(ti)

∫ ti

0
Fj(dtj)u(ti − tj) (11)

Using Envelope Theorem, we have

DV II
i (ti) = Fj(ti)

∫ ti

0
Fj(dtj)u′(ti − tj) (12)

Our task is to compare V I
i and V II

i under different types of absolute risk
aversion and for every i ∈ N .

We state the following result.
3The proof of this result can also be found in Li and Riley [11].
4The proof of this result can be found in Lemma 1 of Maskin and Riley [12].
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Theorem 6. Suppose (ψw, ψs) is a Bayesian equilibrium and Assumption 1
is satisfied. Then, for every t > r, the following holds:
(A) With increasing absolute risk aversion, V I

w(t) > V II
w (t).

(B) With constant absolute risk aversion, V I
w(t) > V II

w (t) and V II
s (t) > V I

s (t).
(C) With decreasing absolute risk aversion, V II

s (t) > V I
s (t).

Proof. We prove for increasing absolute risk aversion. Consider the weak
bidder. Notice that V I

w(r) = 0 = V II
w (r). We show V I

w(t) > V II
w (t) for every

tw > r. It suffices to show if V I
w(t) = V II

w (t), then DV I
w(t) > DV II

w (t) for
every t > r.

Suppose V I
w(t) = V II

w (t). Then, from (10) and (12), we have

DV I
w(t) > DV II

w (t)

Hence, V I
w(t) > V II

w (t) for every t > r. A similar proof holds for constant
and decreasing absolute risk aversion. �

The above result states that the weak bidder prefers first-price auction
over second-price auction under increasing and constant absolute risk aversion
whereas the strong bidder prefers second-price auction over first-price auction
under constant and decreasing absolute risk aversion.

6 Impact of asymmetry

In this section, we study the impact of asymmetry on seller’s expected revenue
in a first-price auction. Does the seller prefer asymmetry over symmetry? As
we shall shortly see, asymmetry makes the seller worse-off. More generally,
we compare the seller’s revenue for different degrees of asymmetry.

Let V be the class of increasing absolute risk aversion utility functions of
the form

u(x) = xα; 0 < α < 1
Let v : <+ → < be defined as v = u/u′. Notice that v(0) = 0, v′ > 0 and

v′′ = 0. For this section, we assume that aw = as ≡ ā.
We define how the distribution functions of symmetric and asymmetric

bidders are related. Let F denote the distribution function of the symmetric
bidders. The distribution functions F , Fs and Fw are related as

F (t) =
√
Fw(t)Fs(t)

for every t ∈ [0, ā]. Thus, we have assumed that the symmetric distribution
function is the geometric average of the asymmetric distribution functions.
Notice that F (0) = 0, F (ā) = 1 and Fs(t) < F (t) < Fw(t) for every t ∈ (0, ā).

We now define a special family of distribution functions. Let F1 be the
family of distribution functions of the form

Fi(t) = tci

ā
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where 0 < ci ≤ 1.
Let G(b) = Fs◦θs(b)Fw◦θw(b). Then, the seller’s ex-ante expected revenue

is
R(Fw, Fs) =

∫
B
G(db)b

Lemma 4. Suppose (ψw, ψs) is a Bayesian equilibrium and Assumption 1 is
satisfied. Then, ψw(t) > ψs(t) for every t ∈ Ti − {0, ā}.

Proof. From Assumption 1, fw/Fw < fs/Fs. Notice that ζs(t) = θs ◦ ψw(t).
If ζs(t) = t, then ζ ′s(t) < 1. As ζs(ā) = ā and ζs(t) = t implies ζs(t) < t, it
follows ζs(t) > t. Therefore, ψw(t) > ψs(t) for every t ∈ Ti − {0, ā}. �

We present the main result of this section. In this result, we compare the
seller’s revenue for different degrees of asymmetry.

Theorem 7. Let Fi, F̃i ∈ F1 and u ∈ V such that cs + cw = c̃s + c̃w. Sup-
pose (ψw, ψs) and (ψ̃w, ψ̃s) are a Bayesian equilibrium when the distribution
functions are (Fw, Fs) and (F̃w, F̃s) respectively. Suppose c̃s > cs ≥ cw. Then,

R(Fw, Fs) > R(F̃w, F̃s).

Proof. Appendix B �

The above result states that, as the degree of asymmetry increases, the
seller’s expected revenue decreases. The idea of the proof is as follows. Let
G̃(b) = F̃s ◦ θ̃s(b)F̃w ◦ θ̃w(b). To show R(Fw, Fs) > R(F̃w, F̃s), it suffices to
show G(b) < G̃(b) for every b ∈ <++. Since G(0) = G̃(0) = 0, we first show
that G < G̃ around some neighborhood of 0, and then show that the two
functions do not intersect. A special case of this result is that the seller’s
expected revenue is more in the symmetric framework as compared to the
asymmetric framework. This result is stated in the following corollary.

Corollary 6. Let F ∈ F1 and u ∈ V. Then,

R(F, F ) > R(F̃w, F̃s).

Proof. Set cs = cw = (c̃s + c̃w)/2. �

The above result tells that the seller’s expected revenue is more in the sym-
metric framework than in the asymmetric framework, i.e., the seller prefers
symmetry over asymmetry.

7 Revenues

In this section, we analytically compute a Bayesian equilibrium in linear bid-
ding strategies for a special family of increasing absolute risk averse utility
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functions and a special family of “power” distribution functions. We then
compare the seller’s revenue for a first-price and a second-price auction.

Let F2 be the family of distribution functions of the form

Fi(t) =
(
t

ai

)τi+1

The family of distributions in F2 are known as power distributions. The
parameter τi captures the power of bidder i. A higher value of τi represents
that bidder i is more likely to get a higher type. Consider Fw, Fs ∈ F2 and
u ∈ V such that τs > τw and τs, τw ∈ <. The bidding strategies are

ψw(t) = τs + 1
τs + 1 + α

t

ψs(t) = τw + 1
τw + 1 + α

t
(13)

The corresponding inverse bidding strategies are

θw(b) = τs + 1 + α

τs + 1 b

θs(b) = τw + 1 + α

τw + 1 b
(14)

We observe few properties of the bidding function.

Remark 1. As α ↓ 0, ψi(t) approaches t, i.e., as the degree of risk aversion
increases, the bidder bids more aggressively.

Remark 2. The weak bidder bids more aggressively than the strong bidder,
i.e. ψw(t) > ψs(t) for every t ∈ [0, aw].

Remark 3. Bidder i’s strategy depends on the power of bidder j and not on
his own power, i.e., a change in the power coefficient of bidder i does not
alter his bidding strategy.

Remark 4. Suppose bidder i with type t wins the auction by bidding b :=
ψi(ti). Then,

E(second highest type|bidder i has highest type) = τj + 1
τj + 2 t

Notice that, for a given type, the equilibrium winning bid is more than the
expected value of the second highest type.

Recall that ζj(t) = ψ−1
j ◦ ψi(t) is the type required by bidder j in order

to bid the same value as bidder i bids with type t. Thus, ζw(t) = kt where

k = (τs + 1 + α)(τw + 1)
(τw + 1 + α)(τs + 1)
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Similarly, ζs(t) = t/k. For analytical solution, we assume aw = kas.
The equilibrium probabilities of winning for the weak bidder and the

strong bidder respectively are

Fs ◦ ζs(t) =
(
t

aw

)τs+1

and

Fw ◦ ζw(t) =
(
t

as

)τw+1

Since bid-your-own-type is a dominant strategy in a second-price auction,
the equilibrium winning probabilities for the weak and the strong bidder
respectively are

Fs(t) =
(
t

as

)τs+1

and

Fw(t) =
(
t

aw

)τw+1

The maximum bid by any bidder is

b̄ = τw + 1
τw + 1 + α

as = τs + 1
τs + 1 + α

aw

We now calculate the ex-ante expected revenue of the seller from the
first-price and the second-price auction. In a first-price auction, the ex-ante
expected revenue of the seller generated from the weak bidder is

RIw =
∫ b̄

0
Fw ◦ θw(db)bFs ◦ θs(b)

= (τw + 1)(τs + 1)
(τw + τs + 3)(τs + 1 + α)aw

Similarly, the ex-ante expected revenue of the seller generated from the
strong bidder is

RIs =
∫ b̄

0
Fs ◦ θs(db)bFw ◦ θw(b)

= (τw + 1)(τs + 1)
(τw + τs + 3)(τw + 1 + α)as

Hence, the ex-ante expected revenue of the seller is

RI = RIw +RIs

= (τw + 1)(τw + τs + 2)
(τw + τs + 3)(τw + 1 + α)as

(15)
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In a second-price auction, the ex-ante expected revenue of the seller is

RII =
∫ aw

0
(1− Fw(t))(1− Fs(t))dt

= τw + 1
τw + 2aw −

τw + 1
(τs + 2)(τw + τs + 3)k

τs+1aw

(16)

Since the revenue expressions would be quite useful, we record them in
the following Lemma.

Lemma 5. Suppose Fs, Fw ∈ F2 and u ∈ V. Then, the seller’s ex-ante
expected revenues generated from the first-price and second-price auctions are
given by (15) and (16) respectively.

In the following result, we compare the seller’s revenue.

Theorem 8. Suppose Fs, Fw ∈ F2, u ∈ V and bidding strategies are linear.
Then, the seller’s ex-ante expected revenue is more in first-price auction than
in second-price auction.

Proof. Appendix B �

Example 1. Suppose u(t) =
√
t, aw = 5, as = 6, τw = −0.5 and τs = −0.25.

Then, the probability distributions are Fs(t) = (t/6)3/4 and Fw(t) = (t/5)1/2.
Under first-price auctions, the equilibrium bidding strategies are ψw(t) =
(3/5)t and ψs(t) = (1/2)t with equilibrium inverse bidding strategies θw(b) =
(5/3)b and θs(b) = 2b. The equilibrium winning probabilities for the weak and
strong bidder are (t/5)3/4 and (t/6)1/2 respectively. On the other hand, under
second-price auctions, the equilibrium winning probabilities for the weak and
strong bidder are (t/6)3/4 and (t/5)1/2 respectively. The maximum bid by any
bidder is b̄ = 12. The ex-ante expected revenue of the seller under first-price
auction and second-price auction is RI = 1.67 and RII = 1.39 respectively.

8 Conclusion

In this paper, we have shown that the necessary conditions characterizing the
equilibria are strict monotonicity, continuity and pure strategy. The system
of differential equations are both necessary and sufficient condition for an
equilibrium. We have compared the bidding strategies by not restricting only
to stochastic orders. Of course, stochastic orders on distribution functions
are required to unambiguously rank the bidding strategies and bidding dis-
tributions. The special cases of our result convey that first-order stochastic
dominance is a necessary condition and conditional stochastic dominance is
a sufficient condition to unambiguously rank the bidding strategies.

We have compared the bidders’ preferences for first-price and second-price
auction under different types of risk aversion. We have shown that the strong
bidder prefers a second-price auction when there is constant or decreasing
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absolute risk aversion, and the weak bidder prefers a first-price auction when
there is increasing or constant absolute risk aversion. We have also studied
the impact of asymmetry on seller’s revenue. We have shown that, for a spe-
cial family of utility functions and distribution functions, asymmetry makes
the seller worse-off. Finally, by restricting our attention to linear bidding
strategies, we have shown that, for a special family of utility functions and
distribution functions, a first-price auction is revenue superior to a second-
price auction.

A Appendix: Properties of Λi and Ωi

Lemma A.1. Suppose the profile of transition functions (ψi, ψj) is a Bayesian
equilibrium. Then, Ui(ψi, ψj , ti) > 0 and Pr(i wins|ti) > 0 for every ti ∈
Ti − {0} and i ∈ N .

Proof. We show by contradiction. Suppose, for some i ∈ N , there exists
ti > 0 such that Ui(ψi, ψj , ti) = 0. Then, for every bi ∈ Σi(ti), we have
Pr(i wins|ti, bi) = 0. Thus, for every bj ∈ Σj(tj), we have Pr(bj > ti) = 1.
Since Pr(tj < ti) > 0, we have Uj(ψi, ψj , tj) < 0, which is not possible. Hence,
Ui(ψi, ψj , ti) > 0 for every ti > 0.

Since Ui(ψi, ψj , ti) > 0, it follows Pr(i wins|ti) > 0 for every ti > 0. �

Lemma A.2. Suppose the profile of transition functions (ψi, ψj) is a Bayesian
equilibrium. Then, Λi(0) = Ωi(0) = 0 and there exists b̄ such that Λi(ai) =
Ωi(ai) = b̄ for every i ∈ N .

Proof. Let g
i

= inf{gi} and g = max{g
i
, g
j
}. We show g

i
= 0 for every

i ∈ N . We show by contradiction. Suppose g > 0. Without loss of generality,
assume g = g

i
. Then, for ti ∈ (0, g), Pr(i wins|ti) > 0 and Ui(ψi, ψj , ti) < 0

which contradicts Lemma A.1. Hence, g
i

= 0 for every i ∈ N . Since g
i

= 0,
we have Λi(0) = Ωi(0) = 0 for every i ∈ N .

Let ḡi = sup{gi} and ḡ = max{ḡi, ḡj}. We show that ḡi = ḡj ≡ b̄. We
show by contradiction. Suppose ḡi > ḡj . Then, Pr(i wins|ti = ai, bi = ḡ) = 1.
This implies there exists ε > 0 such that Ui(ḡ−ε, ψj , ai) > Ui(ḡ, ψj , ai), which
is a contradiction. Hence, ḡi = ḡj ≡ b̄ for every i ∈ N . �

Lemma A.3. Suppose the profile of transition functions (ψi, ψj) is a Bayesian
equilibrium. Then, Pr(i wins|ti) is non-decreasing in ti.

Proof. Consider any bidder i and ti, t
′
i ∈ Ti such that t′i > ti. Then, by the

definition of Bayesian equilibrium, we have

Ui(ψi(ti, .), ψj , ti) =
∫
ψi(ti,dbi)⊗ ϕj(dtj ,dbj)πi(ti, bi, bj) ≥

Ui(ψi(t′i, .), ψj , ti) =
∫
ψi(t′i,dbi)⊗ ϕj(dtj ,dbj)πi(ti, bi, bj)
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Since u(.) is strictly increasing and strictly concave, we have

u(ti − bi) > u(t′i − bi)− (t′i − ti)

Using this in the definition of πi, we have

πi(ti, bi, bj) ≥ πi(t′i, bi, bj)− Ii(t′i − ti)

where

Ii =
{

1/|Z| if i ∈ Z
0 if i /∈ Z

Multiplying the above expression with the probability that bidder i wins
conditional on the type t′i, we have∫
ψi(t′i,dbi)⊗ ϕj(dtj ,dbj)πi(ti, bi, bj) ≥

∫
ψi(t′i, dbi)⊗ ϕj(dtj , dbj)πi(t′i, bi, bj)

− Ii(t′i − ti)
∫
ψi(t′i,dbi)⊗ ϕj(dtj ,dbj)

Since Ui(ψi(ti, .), ψj , ti) ≥ Ui(ψi(t′i, .), ψj , ti), it follows that∫
ψi(ti, dbi)⊗ ϕj(dtj , dbj)πi(ti, bi, bj) ≥

∫
ψi(t′i, dbi)⊗ ϕj(dtj , dbj)πi(t′i, bi, bj)

− Ii(t′i − ti)
∫
ψi(t′i,dbi)⊗ ϕj(dtj ,dbj)

Thus,

Ui(ψi(ti, .), ψj , ti) ≥ Ui(ψi(t′i, .), ψj , t′i)− (t′i − ti) Pr(i wins|t′i)

Interchanging the roles of ti and t′i, we get

Ui(ψi(t′i, .), ψj , t′i) ≥ Ui(ψi(ti, .), ψj , ti)− (ti − t′i) Pr(i wins|ti)

The above two inequalities imply

(t′i − ti) Pr(i wins|t′i) ≥ Ui(ψi(t′i, .), ψj , t′i)− Ui(ψi(ti, .), ψj , ti)
≥ −(ti − t′i) Pr(i wins|ti)

Since t′i > ti, we have

Pr(i wins|t′i) ≥ Pr(i wins|ti)

Hence, Pr(i wins|ti) is non-decreasing in ti. �

Lemma A.4. Suppose the profile of transition functions (ψi, ψj) is a Bayesian
equilibrium. Then, Λi(ti) and Ωi(ti) are non-decreasing in ti for every ti ∈ Ti
and i ∈ N .
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Proof. We first show Λi(t′i) ≥ Ωi(ti) for every ti, t′i ∈ Ti such that t′i > ti. We
show by contradiction. Suppose there exists some bidder i such that Ωi(ti) >
Λi(t′i). Consider two sequences (bn)∞n=1 and (b′n)∞n=1 such that bn ↓ Ωi(ti) and
b′n ↑ Λi(t′i) for every n ∈ N . Notice that bn > b′n for every n ∈ N . By the
definition of Bayesian equilibrium, we have

Ui(bn, ψj , ti) = Pr(i wins|bn)u(ti−bn) ≥ Pr(i wins|b′n)u(ti−b′n) = Ui(b′n, ψj , ti)

Similarly,

Ui(b′n, ψj , t′i) = Pr(i wins|b′n)u(t′i−b′n) ≥ Pr(i wins|bn)u(t′i−bn) = Ui(bn, ψj , t′i)

Adding the above two inequalities, we get

Pr(i wins|b′n){u(t′i− b′n)− u(ti− b′n)} ≥ Pr(i wins|bn){u(t′i− bn)− u(ti− bn)}

Since u(t′i − b′n)− u(ti − b′n) < u(t′i − bn)− u(ti − bn), we have

Pr(i wins|b′n) > Pr(i wins|bn)

which is a contradiction, from Lemma A.3, as bn > b′n.
We now show that Λi(ti) and Ωi(ti) are non-decreasing in ti. Since Λi(t′i) ≥

Ωi(ti) ≥ Λi(ti), we have Λi(t′i) ≥ Λi(ti). Since Ωi(t′i) ≥ Λi(t′i) ≥ Ωi(ti), we
have Ωi(t′i) ≥ Ωi(ti). �

Lemma A.5. Suppose the profile of transition functions (ψi, ψj) is a Bayesian
equilibrium. Then, Λi(ti) > 0 and Ωi(ti) > 0 for every ti ∈ Ti−{0} and i ∈ N .

Proof. We show by contradiction. Suppose there exists i ∈ N and ti > 0
such that Λi(ti) = 0. Consider a sequence (bn)∞n=1 such that bn ↑ Λi(ti) for
every n ∈ N . Then,

Ui(bn, ψj , ti) = u(ti − bn) Pr(i wins|bn)

for every n ∈ N .
As n→∞, from Lemma A.1, we have

lim
n→∞

Ui(bn, ψj , ti) > 0

Thus,
lim
n→∞

Pr(i wins|ti, bn) > 0

Since Λi(ti) = 0, from Lemma A.4, we have Λi(si) = 0 for every si ∈ (0, ti).
From Lemma A.4, we know Ωi(ti) ≥ Λi(ti) ≥ Ωi(si) and thus, Ωi(ti) =
Ωi(si) = 0. So, Σi(ti) = Σi(si) = 0.

Since limn→∞ Pr(i wins|ti, bn) > 0, it follows that there is a strictly posi-
tive probability of a tie. Then, there exists ε > 0 such that

Ui(ε, ψj , si) > Ui(0, ψj , si)

for every si ∈ (0, ti), which is a contradiction. Hence, Λi(ti) > 0 and Ωi(ti) >
0 for every ti ∈ Ti − {0} and every i ∈ N . �
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Lemma A.6. Suppose the profile of transition functions (ψi, ψj) is a Bayesian
equilibrium. Then, ϕi(Ti, {b}) = 0 and Pr(i wins|bi) is continuous in every
bi ∈ Bi and i ∈ N .

Proof. We show the result in three steps. In step 1, we show that if ϕi(Ti, {b}) >
0 for every b > 0, then, for every ε > 0, ϕj(Tj , (b − ε, b]) > 0. In step 2, we
show that if ϕi(Ti, (b − ε, b]) > 0 for every b > 0 and every ε > 0, then
ϕj(Tj , (b− ε, b]) = 0. In step 3, we show ϕi(Ti, {b}) = 0 for every b > 0.

Step 1: Suppose ϕi(Ti, {b}) > 0 for every b > 0. Suppose there exists
ε > 0 such that ϕj(Tj , (b − ε, b]) = 0. We show a contradiction. Since
ϕi(Ti, {b}) > 0, we have Ui(b, ψj , ti) > 0. Since ϕj(Tj , (b− ε, b]) = 0, bidder i
can increase his utility by reducing his bid slightly, which is a contradiction.
Hence, if ϕi(Ti, {b}) > 0, then, for every ε > 0, ϕj(Tj , (b− ε, b]) > 0.

Step 2: We show by contradiction. Suppose ϕi(Ti, (b − ε, b]) > 0 and
ϕj(Tj , (b − ε, b]) > 0 for every b > 0 and for every ε > 0. Consider a set
Cε ∈ Bi(Ti) such that Pr(hi(., ti) ∈ (b− ε, b]) > 0 for every ε > 0 and ti ∈ Cε.
Then, ε′ > ε implies Cε ⊆ Cε′ .

We show there exists ε̂ > 0 such that ε̂ < b < ti − b for every ti ∈ Cε̂.
We show by contradiction. Suppose, for every Cn, there exists tin ∈ Cn such
that tin ≤ n+ b for every n ∈ N . It can be verified that tin > n− b for every
tin ∈ Cn and n ∈ N . Thus,

Ui(ψi, ψj , tin) ≤ u(2n)

As n→ 0, we have tin → b and thus,

Ui(ψi, ψj |tin) ≤ u(0) = 0

Since Ui(ψi, ψj , b) ≮ 0, we have Ui(ψi, ψj , b) = 0, which is contradiction from
Lemma A.1. Hence, such ε̂ exists.

Consider ε > 0 and δ > 0 such that

ε < ε̂ & δ < ε̂− u−1
(
u(ε)ϕj(Tj , (0, b)) + 0.5ϕj(Tj , {b})

ϕj(Tj(0, b])

)
As ε→ 0, it follows that such δ exists. Then, at gi(ti) ∈ (b− ε, b], we have

Ui(ψi, ψj , ti) ≤ u(ti − (b− ε))(ϕj(Tj , (0, b)) + 0.5ϕj(Tj , {b}))
< u(ti − (b+ δ))(ϕj(Tj , (0, b)) + 0.5ϕj(Tj , {b}))
< u(ti − (b+ δ))(ϕj(Tj , (0, b)) + ϕj(Tj , {b}))
= u(ti − (b+ δ))(ϕj(Tj , (0, b]))
= Ui(b+ δ, ψj , ti)

which is a contradiction. Hence, ϕj(Tj , (b− ε, b]) = 0.

Step 3: We show by contradiction. Suppose ϕi(Ti, {b}) > 0 for some
b > 0. Then, from step 1, we have ϕj(Tj , (b− ε, b]) > 0 for every ε > 0. Since
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ϕj(Tj , (b − ε, b]) > 0, from step 2, we have ϕi(Ti, (b − ε, b]) = 0 and thus,
ϕi(Ti, {b}) = 0, which is a contradiction. Hence, ϕi({b}) = 0 for every b > 0.

We show Pr(i wins|bi) is continuous in every bi ∈ Bi. Notice that

Pr(i wins|bi) = ϕj(Tj , (0, bi])

Since ϕj(Tj , {bi}) = 0 for every bi, it follows that ϕj(Tj , (0, bi]) is contin-
uous in every bi. Hence, Pr(i wins|bi) is continuous in every bi ∈ Bi. �

Lemma A.7. Suppose the profile of transition functions (ψi, ψj) is a Bayesian
equilibrium. Then, Λi(ti) is left continuous and Ωi(ti) is right continuous.

Proof. We show Λi(ti) = limt′i↑ti Ωi(t′i). Since Ωi is non-decreasing in ti, we
have

lim
t′i↑ti

Ωi(t′i) = sup
t′i∈(0,ti)

Ωi(t′i)

From Lemma A.4, we know Ωi(t′i) ≤ Λi(ti) for every t′i < ti. Thus,

lim
t′i↑ti

Ωi(t′i) ≤ Λi(ti)

It remains to show limt′i↑ti Ωi(t′i) ≥ Λi(ti). Consider a sequence (tin)∞n=1
such that tin ↑ ti and limn→∞Ωi(tin) = supt′i<ti Ωi(t′i) for every n ∈ N . Then,

Ui(Ωi(tin), ψj , tin) = u(tin − Ωi(tin)) Pr(i wins|Ωi(tin))

for every n ∈ N . As n→∞, we get

Ui(ψi, ψj , ti) = u(ti − sup
t′i∈(0,ti)

Ωi(t′i)) Pr(i wins| sup
t′i∈(0,ti)

Ωi(t′i))

Then,
Λi(ti) ≤ sup

t′i∈(0,ti)
Ωi(t′i) = lim

t′i↑ti
Ωi(t′i)

Since Λi(ti) ≥ supt′i∈(0,ti) Ωi(t′i) and Λi(ti) ≤ supt′i∈(0,ti) Ωi(t′i), we have
Λi(ti) = supt′i<ti Ωi(t′i) for every t′i ∈ (0, ai]. Hence, Λi(ti) = limt′i↑ti Ωi(t′i).
Therefore, Λi is left continuous. Similarly, it can be shown Ωi(ti) = limt′i↓ti Λi(t′i)
for every t′i ∈ (0, ai]. �

Since Λi is left continuous, Λi(0) = Ωi(0) and Λi(ai) = Ωi(ai), it follows
if Λi is continuous, then Λi(ti) = Ωi(ti) for every ti ∈ Ti. Since Ωi is right
continuous, it follows if Ωi is continuous, then Λi(ti) = Ωi(ti) for every ti ∈ Ti.

Lemma A.8. Suppose the profile of transition functions (ψi, ψj) is a Bayesian
equilibrium. Then, Λi(ti) and Ωi(ti) are strictly increasing in ti for every
i ∈ N .
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Proof. We show by contradiction. Suppose there exists Wi ⊆ Ti such that
Λi and Ωi are non-increasing on Wi. From Lemma A.4, Λi and Ωi are non-
decreasing. Then, Λi(ti) = Ωi(ti) = c for some c > 0 and for every ti ∈ Wi.
By Lemma A.6, ϕi(Ti, (Λi(ti)) = 0, which is a contradiction. Therefore, Λi(ti)
and Ωi(ti) are strictly increasing in ti for every ti ∈ Ti and every i ∈ N . �

Lemma A.9. Suppose the profile of transition functions (ψi, ψj) is a Bayesian
equilibrium. Then, Λi(ti) and Ωi(ti) are continuous for every ti ∈ Ti and
i ∈ N .

Proof. From Lemma A.7, Λi is left continuous. It remains to show Λi is right
continuous. We show by contradiction. Suppose Λi is not right continuous at
some ti ∈ Ti. Then, for small enough ε > 0, Pr(bi ∈ (Λi(ti),Λi(ti + ε)) = 0.
Thus Pr(bj ∈ (Λi(ti),Λi(ti + ε)) = 0. Since Pr(bj ∈ (Λi(ti),Λi(ti + ε)) = 0, it
follows Ui(Λi(ti), ψj , ti) > Ui(Ωi(ti), ψj , ti), which is a contradiction. Hence,
Λi is right continuous at ti. Therefore, Λi(ti) is continuous for every ti ∈ Ti
and i ∈ N . As Λi(ti) = Ωi(ti) if Λi is continuous, it follows that Ωi is
continuous in every ti ∈ Ti and i ∈ N . �

B Appendix: Proofs

Proof of Theorem 1. Suppose the profile of transition functions (ψi, ψj)
is a Bayesian equilibrium. From Lemma A.2 and Lemma A.9, it follows
Λi(ti) = Ωi(ti) for every ti ∈ Ti. Thus, equilibrium strategy is pure, strictly
increasing and continuous. (A) follows directly from Lemma A.2.

The optimization problem of bidder i is maxb Fj ◦ ψ−1
j (b)u(ti − b). The

first-order condition gives (2).
Conversely, suppose a profile of functions (ψi, ψj) satisfies (A) and (B).

Consider bidder i with type ti. The value function is

Vi(b, ti) = Fj ◦ θj(b)u(ti − b)

The first-order derivative is

DbVi(b, ti) = DFj ◦ θj(b)u(ti − b)− Fj ◦ θj(b)u′(ti − b)

Suppose bidder i over bids by bidding b′ such that θi(b′) > ti. Then,

Db′Vi(b′, ti) = DFj ◦ θj(b′)u(ti − b′)− Fj ◦ θj(b)u′(ti − b′)
< DFj ◦ θj(b′)u(θi(b′)− b′)− Fj ◦ θj(b′)u′(θi(b′)− b′)
= 0

Hence, it is not profitable for bidder i to deviate. On the other hand,
suppose bidder i under bids by bidding b′′ such that θi(b′′) < ti. Then,

Db′′Vi(b′′, ti) = DFj ◦ θj(b′′)u(ti − b)− Fj ◦ θj(b′′)u′(ti − b′′)
> DFj ◦ θj(b′′)u(θi(b′′)− b′′)− Fj ◦ θj(b′′)u′(θi(b′′)− b′′)
= 0
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Hence, it is not profitable for bidder i to deviate. Therefore, (ψi, ψj) is an
equilibrium profile. �

Proof of Lemma 1. Consider (3). By the definition of Bayesian equilib-
rium, we have

u(t− ψi(t))Fj ◦ ζj(t) ≥ u(t− ψj(t))Fj(t)

Interchanging the roles of i and j in the above equation, we have

u(t− ψj(t))Fi ◦ ζi(t) ≥ u(t− ψi(t))Fi(t)

The above two equation implies

u(t− ψi(t))Fj ◦ ζj(t) > Uj(t) ≥ u(t− ψi(t))Fi(t)

Thus, Fj ◦ ζj(t) > Fi(t).
Since Fj ◦ζj(t) > Fi(t), it implies that there exists x such that Fj ◦ζj(t) =

Fj(x) > Fi(t). From Theorem 1, such x is unique. Thus, Fi ◦ ζi(x) = Fi(t) <
Fj(x). �

Proof of Lemma 2. We show (A) implies (B). Suppose ψi(t) > ψj(t) for
every t ∈ (0, ā). Then, ζi(t) < t. Thus,

Ui(t) = u(t− ψi(t))Fj ◦ ζj(t)
u(t− ψj(t))Fi ◦ ζi(t)

≥ u(t− ψi(t))Fj(t)
u(t− ψj(t))Fi ◦ ζi(t)

>
Fj(t)
Fi(t)

= Gi(t)

Hence, Ui(t) > Gi(t) for every t ∈ (0, ā).
We show (B) implies (A). Suppose Ui(t) > Gi(t). Then,

u(t− ψi(t))Fj ◦ ζj(t)Fi(t) > u(t− ψj(t))Fi ◦ ζi(t)Fj(t)

Since u(t−ψi(t))Fi(t) ≤ u(t−ψj(t))Fj ◦ ζj(t), we have Fj ◦ ζj(t) > Fj(t).
Thus, ψi(t) > ψj(t) for every t ∈ (0, ā).

We show (A) implies (C). Suppose ψi(t) > ψj(t). Then,

DUi = UjDUi − UiDUj
U2
j

DUi > 0 only if
Uj

DUj
>

Ui
DUi

or equivalently,
u(t− ψj)
u′(t− ψj)

>
u(t− ψi)
u′(t− ψi)

which is true as u′ > 0, u′′ < 0 and ψi > ψj .
It is straightforward to see (C) implies (A). �
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Proof of Theorem 5. Suppose θi(c) ≤ θ̂i(c) and θj(c) ≤ θ̂j(c) for every
c ∈ (0,min{b̄, b̂}). We show that there exists ε > 0 such that

θi(b) < θ̂i(b) & Fj ◦ θj(b)
F̂j ◦ θ̂j(b)

<
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

(P1)

for every b ∈ [c− ε, c).
Since θj(c) ≤ θ̂j(c), it follows that, for every b < c, we have Fj ◦ θj(b) <

Fj ◦ θ̂j(c) θi(b) < θ̂i(b) and thus,

Fj ◦ θj(b)
F̂j ◦ θ̂j(b)

<
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(b)

Case 1: θi(c) < θ̂i(c) and θj(c) < θ̂j(c)
It is straightforward to see that there exists ε > 0 such that (P1) holds

for every b ∈ [c− ε, c).

Case 2: θi(c) = θ̂i(c) and θj(c) < θ̂j(c)
From the system of differential equations given by (7) and (8), we have

θ′i(c) > θ̂′i(c)

Then, there exists ε > 0 such that (P1) holds for every b ∈ [c− ε, c).

Case 3: θi(c) < θ̂i(c) and θj(c) = θ̂j(c)
It is straightforward to see that there exists ε > 0 such that(P1) holds for

every b ∈ [c− ε, c).

Case 4: θi(c) = θ̂i(c) and θj(c) = θ̂j(c)
From the system of differential equations given by (7) and (8), we have

θ′j(c) > θ̂′j(c)

Notice that

D logFi ◦ θi(c) = u′(θj(c)− c)
u(θj(c)− c)

& D logFi ◦ θ̂i(c) = u′(θ̂j(c)− c)
u(θ̂j(c)− c)

Differentiating the above equations w.r.t. c and using the fact that θi = θ̂i,
θj = θ̂j and θ′j > θ̂′j , we get

D2 logFi ◦ θi(c) < D2 logFi ◦ θ̂i(c)

Thus, there exists ε > 0 such that (P1) holds for every b ∈ [c− ε, c).
Let

M = inf
{
x ∈ [0, c− ε] | θi(b) < θ̂i(b) & Fj ◦ θj(b)

F̂j ◦ θ̂j(b)
<
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

for every b ∈ (c− ε, c)
}
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We show that M = 0. We show by contradiction. Suppose M > 0. Then,
either

θi(M) = θ̂i(M) or Fj ◦ θj(M)
F̂j ◦ θ̂j(M)

= Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

Since θi(b) < θ̂i(b) and θj(b) ≤ θ̂j(b) for every b ∈ (M, c − ε), it follows
from (7) and (8) that

Fj ◦ θj(b)
DFj ◦ θj(b)

<
F̂j ◦ θ̂j(b)
DF̂j ◦ θ̂j(b)

This implies

D logFj ◦ θj(b) > D log
{
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

F̂j ◦ θ̂j(b)
}

Since M < c− ε, we have

logFj ◦ θj(c− ε)− logFj ◦ θj(M) > log
{
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

F̂j ◦ θ̂j(c− ε)
}
−

log
{
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

F̂j ◦ θ̂j(M)
}

Rearranging the above terms, we get

log
{
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

F̂j ◦ θ̂j(M)
}
− logFj ◦ θj(M) >

log
{
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

F̂j ◦ θ̂j(c− ε)
}
− logFj ◦ θj(c− ε)

From the definition of M , we have

log
{
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

F̂j ◦ θ̂j(c− ε)
}
− logFj ◦ θj(c− ε) > 0

Thus,
Fj ◦ θj(M)
F̂j ◦ θ̂j(M)

<
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

Therefore, θi(M) = θ̂i(M) must be the case. From the differential equa-
tions given by (7) and (8), the definition of M and the assumption of condi-
tional stochastic dominance, we have

Fj ◦ θj(M)
F̂j ◦ θ̂j(M)

<
Fj ◦ θ̂j(c)
F̂j ◦ θ̂j(c)

<
Fj ◦ θ̂j(M)
F̂j ◦ θ̂j(M)
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This implies θj(M) < θ̂j(M). Since θi(M) = θ̂i(M) and θj(M) < θ̂j(M),
we have θ′i(M) > θ̂′i(M). Thus, there exists δ > 0 such that θi(M + δ) >
θ̂i(M + δ), which is a contradiction. Hence, M = 0.

Therefore, θi(b) < θ̂i(b) and Fj ◦ θi(b) < π(c)F̂j ◦ θ̂j(b) for every b ∈ (0, c).
We show that θi(c) ≤ θ̂i(c) and θj(c) ≤ θ̂j(c) cannot hold simultaneously.

We show by contradiction. Suppose there exists c∗ ∈ (0, b̄) such that θi(c∗) ≤
θ̂i(c∗) and θj(c∗) ≤ θ̂j(c∗). Then,

Fj ◦ θj(b)
F̂j ◦ θ̂j(b)

<
Fj ◦ θ̂j(c∗)
F̂j ◦ θ̂j(c∗)

Taking the limits b ↓ 0, we have

Fj(0)
F̂j(0)

<
Fj ◦ θ̂j(c∗)
F̂j ◦ θ̂j(c∗)

which is a contradiction, as Fj/F̂j is strictly increasing. Therefore, θi(c) ≤
θ̂i(c) and θj(c) ≤ θ̂j(c) cannot hold simultaneously.

We show that b̂ > b̄. We show by contradiction. Suppose b̂ ≤ b̄. Then,
θi(b̂) ≤ θ̂i(b̂) and θj(b̂) ≤ θ̂j(b̂), a contradiction. Hence, b̂ > b̄.

We show θi(b) > θ̂i(b) for every b ∈ [0, b̄]. We show by contradiction.
Since θi(b̄) > θ̂i(b̄), it follows that there exists ε > 0 such that θi(b) > θ̂i(b)
for every b ∈ (b̄− ε, b̄]. Suppose there exists b∗ such that θi(b∗) = θ̂i(b∗) and
θi(b) > θ̂i(b) for every b ∈ (b∗, b̄]. Then, θj(b∗) > θ̂j(b∗). From the differential
equations given by (7) and (8), we have

θ̂′i(b∗) > θ′i(b∗)

Thus, there exists δ > 0 such that θ̂i(b∗ + δ) > θi(b∗ + δ), which is a
contradiction. Hence, θi(b) > θ̂i(b) for every b ∈ [0, b̄].

We show F̂j ◦ θ̂j(b) < Fj ◦ θj(b) for every b ∈ (0, b̄). Since θi(b) > θ̂i(b),
from the differential equations given by (7) and (8), we have

Fj ◦ θj(b)
DFj ◦ θj(b)

>
F̂j ◦ θ̂j(b)

DF̂j ◦ θ̂j(b)

Thus,

D
(
F̂j ◦ θ̂j(b)
Fj ◦ θj(b)

)
> 0

Since F̂j ◦ θ̂j(b̄) < Fj ◦ θj(b̄) = 1, it follows F̂j ◦ θ̂j(b) < Fj ◦ θj(b). �

Proof of Corollary 5. When the distribution functions are (Fi, Fj), the
equilibrium payoffs are

Ui(ti, ψi, ψj) = max
b
Fj ◦ θj(b)u(ti − b)

Uj(ti, ψi, ψj) = max
b
Fi ◦ θi(b)u(tj − b)
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On the other hand, when the distribution functions are (Fi, F̂j), the equi-
librium payoffs are

Ûi(ti, ψ̂i, ψ̂j) = max
b
F̂j ◦ θ̂j(b)u(ti − b)

Ûj(ti, ψ̂i, ψ̂j) = max
b
Fi ◦ θ̂i(b)u(tj − b)

Since F̂j ◦ θ̂j(b) < Fj ◦ θj(b) for every b ∈ (0, b̄), it follows that

Ûj(tj , ψ̂i, ψ̂j) < Uj(tj , ψi, ψj)

Since θ̂i(b) < θi(b) for every b ∈ (0, b̄), it follows that

Ûi(ti, ψ̂i, ψ̂j) < Ui(ti, ψi, ψj)

�

Proof of Lemma 3. (A) Since aw = θw(b̄) < θs(b̄) = as, it follows that
there exists ε > 0 such that θw(b̄ − ε) < θs(b̄ − ε). Suppose there exists b∗
such that θw(b∗) = θs(b∗) and θw(b) < θs(b) for every b ∈ (b∗, b̄]. We show a
contradiction. From (2) and assumption 1, we have

θ′s(b∗) = Fs ◦ θs(b∗)
fs ◦ θs(b∗)

u′(θw(b∗)− b∗)
u(θw(b∗)− b∗)

<
Fw ◦ θw(b∗)
fw ◦ θw(b∗)

u′(θs(b∗)− b∗)
u(θs(b∗)− b∗)

= θ′w(b∗)

Then, there exists a δ > 0 such that θS(b∗ + δ) < θw(b∗ + δ), which is a
contradiction. Hence, no such b∗ exists. Therefore, θw(b) < θs(b) for every
b ∈ (0, b̄].

(B) Since u′ > 0 and u′′ < 0, we have u(θw(b) − b) < u(θs(b) − b) and
u′(θw(b)− b) > u′(θs(b)− b). Since θw(b) < θs(b), it follows from (2) that

Fs ◦ θs(b)
DFs ◦ θs(b)

= u(θw(b)− b)
u′(θw(b)− b)

<
u(θs(b)− b)
u′(θs(b)− b)

= Fw ◦ θw(b)
DFw ◦ θw(b)

This implies

D
(
Fs ◦ θs(b)
Fw ◦ θw(b)

)
> 0

Since Fs ◦ θs(b̄) = Fw ◦ θw(b̄) = 1 and D(Fs ◦ θs(b)/Fw ◦ θw(b)) > 0, it
follows that (Fs ◦ θs(b)/Fw ◦ θw(b)) < 1. Therefore, Fs ◦ θs(b) < Fw ◦ θw(b)
for every b ∈ (0, b̄). �
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Proof of Theorem 7. Let G(b) = Fs ◦ θs(b)Fw ◦ θw(b) and G̃(b) = F̃s ◦
θ̃s(b)F̃w ◦ θ̃w(b). To show R(Fw, Fs) > R(F̃w, F̃s), it suffices to show G(b) <
G̃(b).

Notice that G(0) = G̃(0) = 0. We show there exists ε > 0 such that
G(b) < G̃(b) for every b ∈ (0, ε). From the first-order condition given by (2),
we have

θ′w(0) = 1 + 1
csv′(0) , θ′s(0) = 1 + 1

cwv′(0)

θ̃′w(0) = 1 + 1
c̃sv′(0) , θ̃′s(0) = 1 + 1

c̃wv′(0)

(17)

Consider b ∈ <++. By mean value theorem, there exists b∗w ∈ (0, b) such
that θw(b) = bθ′w(b∗w). Similarly, b∗s, b̃∗w and b̃∗s exists. So

lim
b↓0

G̃(b)
G(b) = lim

b↓0

θ̃w(b)c̃w θ̃s(b)c̃s

θw(b)cwθs(b)cs

= lim
b↓0

bc̃w θ̃′w(b̃∗w)c̃wbc̃s θ̃′s(b̃∗s)c̃s

bcwθ′w(b∗w)cwbcsθ′s(b∗s)cs

= θ̃′w(0)c̃w θ̃′s(0)c̃s

θ′w(0)cwθ′s(0)cs

=

(
1 + 1

c̃sv′(0)

)c̃w(
1 + 1

c̃wv′(0)

)c̃s

(
1 + 1

csv′(0)

)cw(
1 + 1

cwv′(0)

)cs

We show

c̃w log
(

1 + 1
c̃sv′(0)

)
+ c̃s log

(
1 + 1

c̃wv′(0)

)
>

cw log
(

1 + 1
csv′(0)

)
+ cs log

(
1 + 1

cwv′(0)

) (18)

for every cw, cs, c̃w, c̃s such that cw + cs = c̃w + c̃s and c̃s > cs ≥ cw > c̃w.
Since c̃s > cs ≥ cw > c̃w, there exists δ and δ′ such that cw = δc̃w + (1− δ)c̃s
and cs = δ′c̃w + (1− δ′)c̃s. Define

k(x) = (cw + cs − x) log
(

1 + 1
xv′(0)

)
for every x < cw + cs. Notice that k is a convex function and δ + δ′ = 1.
Then,

k(cs) + k(cw) = k(δc̃w + (1− δ)c̃s) + k(δ′c̃w + (1− δ′)c̃s)
< δk(c̃w) + (1− δ)k(c̃s) + δ′k(c̃w) + (1− δ′)k(c̃s)
= k(c̃w) + k(c̃s)

34



Hence, (18) holds. Therefore, there exists ε > 0 such that G(b) < G̃(b)
for every b ∈ (0, ε).

To show G(b) < G̃(b) for every b ∈ <++, it suffices to show if G(b) = G̃(b),
then g(b)/G(b) < g̃(b)/G̃(b).

We know
g(b)
G(b) = DFs ◦ θs(b)

Fs ◦ θs(b)
+ DFw ◦ θw(b)

Fw ◦ θw(b)
From (2), we have

g(b)
G(b) = u′(θw(b)− b)

u(θw(b)− b) + u′(θs(b)− b)
u(θs(b)− b)

(19)

Similarly,
g̃(b)
G̃(b)

= u′(θ̃w(b)− b)
u(θ̃w(b)− b)

+ u′(θ̃s(b)− b)
u(θ̃s(b)− b)

(20)

Recall that θs(b) ≥ θw(b) and θ̃s(b) > θ̃w(b). Six effective rankings are
possible of (19) and (20) are
(E1) θs ≥ θw ≥ θ̃s > θ̃w
(E2) θs ≥ θ̃s ≥ θw ≥ θ̃w with at least one strict inequality
(E3) θs ≥ θ̃s > θ̃w ≥ θw
(E4) θ̃s ≥ θs ≥ θ̃w ≥ θw with at least one strict inequality
(E5) θ̃s ≥ θs ≥ θw ≥ θ̃w with at least one strict inequality
(E6) θ̃s > θ̃w ≥ θs ≥ θw

Suppose for some b ∈ <++, G(b) = G̃(b). Then, θcs
s θ

cw
w = θ̃c̃s

s θ̃
c̃w
w . Let

z = cs/(cs + cw) and z̃ = c̃s/(c̃s + c̃w). Taking logarithms of the above
equation, we have

z log θs(b) + (1− z) log θw(b) = z̃ log θ̃s(b) + (1− z̃) log θ̃w(b)

Notice that z < z̃. This rules out (E1), (E4) and (E6).
We show (E3) cannot hold. We show if there exists some b ∈ <++ such

that (E3) holds, then for every b′ > b,

θs(b′) > θ̃s(b′) ≥ θ̃w(b′) > θw(b′) (21)

We show a contradiction. Suppose (21) does not hold. Then, either

(i) θs(b′) = θ̃s(b′), Dθs(b′) ≤ Dθ̃s(b′) & θ̃w(b′) ≥ θw(b′), or

(ii) θw(b′) = θ̃w(b′), Dθw(b′) ≥ Dθ̃w(b′)& θs(b′) ≥ θ̃s(b′)

Suppose (i) is true. Then θs(b′) = θ̃s(b′) implies csv(θw(b′)− b′)Dθs(b′) =
c̃sv(θ̃w(b′)−b′)Dθ̃s(b′). Since c̃s > cs and Dθs(b′) ≤ Dθ̃s(b′), it follows θw(b′) >
θ̃w(b′), which is a contradiction.

Now suppose (ii) is true. Then θw(b′) = θ̃w(b′) implies cwv(θs(b′) −
b′)Dθw(b′) = c̃wv(θ̃s(b′) − b′)Dθ̃w(b′). Since c̃w < cw and Dθw(b′) ≥ Dθ̃w(b′),
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it follows θs(b′) < θ̃s(b′), which is a contradiction. Hence, (21) holds if (E3)
holds. Since θs(b̄) = θw(b̄) = θ̃s(b̂) = θ̃w(b̄), it follows (E3) cannot hold.

It is straightforward to see (E2) implies g(b)/G(b) < g̃(b)/G̃(b). We show
(E5) implies g(b)/G(b) < g̃(b)/G̃(b). Consider the following optimization
problem

max
{θw,θs,θ̃w,θ̃s}

1
v(θw − b)

+ 1
v(θs − b)

− 1
v(θ̃w − b)

− 1
v(θ̃s − b)

subject to

z log θs(b) + (1− z) log θw(b) = z̃ log θ̃s(b) + (1− z̃) log θ̃w(b) (C1)

θ̃s ≥ θs (C2)

θs ≥ θw (C3)

The Lagrange of the optimization problem is

L(θw, θs, θ̃w, θ̃s, l1, l2, l3) = 1
v(θw − b)

+ 1
v(θs − b)

− 1
v(θ̃w − b)

− 1
v(θ̃s − b)

+ l1{z log θs(b) + (1− z) log θw(b)− z̃ log θ̃s(b)− (1− z̃) log θ̃w(b)}
+ l2(θ̃s − θs) + l3(θs − θw)

The first-order conditions are

− v
′(θs − b)
v(θs − b)2 + l1

z

θs
− l2 + l3 = 0 (i)

− v
′(θw − b)
v(θw − b)2 + l1

1− z
θw
− l3 = 0 (ii)

v′(θ̃s − b)
v(θ̃s − b)2 − l1

z̃

θ̃s
+ l2 = 0 (iii)

v′(θ̃w − b)
v(θ̃w − b)2 − l1

1− z̃
θ̃w

= 0 (iv)

θ̃s ≥ θs, l2 ≥ 0 s.t. (θ̃s − θs)l2 = 0 (KT 1)

θs ≥ θw, l3 ≥ 0 s.t. (θs − θw)l3 = 0 (KT 2)

Solving for l1 from (i)-(iv), we have

l1 = {v
′(θs − b) + (l2 − l3)v(θs − b)2}θs

zv(θs − b)2 = {v
′(θw − b) + l3v(θw − b)2}θw

(1− z)v(θw − b)2

= {v
′(θ̃s − b) + l2v(θ̃s − b)2}θ̃s

z̃v(θ̃s − b)2 = v′(θ̃w − b)θ̃w
(1− z̃)v(θ̃w − b)2

Consider third and fourth equality. Since z̃v(θ̃s − b)2/θ̃s > (1− z̃)v(θ̃w −
b)2/θ̃w, it follows l2 > 0. From (KT 1), θ̃s = θs. Consider second and fourth
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equality. Since (1− z)v(θw − b)2/θw > (1− z̃)v(θ̃w − b)2/θ̃w, it follows l3 > 0.
From (KT 2), θs = θw. Hence, θs = θw = θ̃s. From (C1), θs = θw = θ̃s = θ̃w.

We check for the constraint qualification. The derivative matrix for con-
straints isz/θs (1− z)/θw −z̃/θ̃s −(1− z̃)/θ̃w

−1 0 1 0
1 −1 0 0


The rank of the above matrix is 3. Hence constraint qualification is met.

We show θs = θw = θ̃s = θ̃w is a global maximum. Total differentiating (C1),
we have

zdθs + (1− z)dθw = z̃dθ̃s + (1− z̃)dθ̃w
This implies

dθ̃w = zdθs + (1− z)dθw − z̃θ̃s
1− z̃

So,

d
{ 1
v(θw − b)

+ 1
v(θs − b)

− 1
v(θ̃w − b)

− 1
v(θ̃s − b)

}
= v′(θs − b)
v(θs − b)2 {−dθs − dθw + dθ̃s + dθ̃w}

= v′(θs − b)
v(θs − b)2

{
z̃ + z − 1

1− z̃ dθs + z̃ − z
1− z̃dθw −

2z̃ − 1
1− z̃ dθ̃s

}
As z̃ > z ≥ 1/2, we have

z̃ + z − 1
1− z̃ dθs + z̃ − z

1− z̃dθw −
2z̃ − 1
1− z̃ dθ̃s ≤

z − z̃
1− z̃dθs + z̃ − z

1− z̃dθw

= z − z̃
1− z̃ (dθs − dθw)

≤ 0

Hence. θs = θw = θ̃s = θ̃w is a global maximum. The value of the function
at the optimum is 0. Therefore, the value function is strictly negative when
(E5) holds.

So, at (E5) g(b)/G(b) < g̃(b)/G̃(b). Hence, G(b) < G̃(b) for every b.
Therefore, R(Fw, Fs) > R(F̃w, F̃s).

�

Proof of Theorem 8. We show that the ex-ante expected revenue of the
seller is more in first-price auction format than in second-price auction. The
expected revenue from second-price auction can be re-written as

RII = kasS − kτs+2asJ
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where
S = τw + 1

τw + 2 and J = τw + 1
(τs + 2)(τw + τs + 3)

It is easy to check that k is strictly increasing in τw. We need to show
that Q is increasing in k. As k is increasing in τw, it suffices to show that Q
is increasing in k. Notice that k < 1. Differentiating RII w.r.t. k, we have

DkR
II = asS − (τs + 2)kτs+1J

≥ askτs+1(S − (τs + 2)J)
> 0

Therefore, RII is strictly increasing in τw. Whenever τw ↑ τs, k increases
(and approaches 1) and thus RII increases. Therefore,

RII = τw + 1
τw + 2kas −

τw + 1
(τs + 2)(τw + τs + 3)k

τs+2as

<
τs + 1
τs + 2as −

τs + 1
(τs + 2)(τw + τs + 3)as

= (τs + 1)(τw + τs + 2)
(τs + 2)(τw + τs + 3)as

≤ (τs + 1)(τw + τs + 2)
(τs + 1 + α)(τw + τs + 3)as

= RI

Hence, the ex-ante expected revenue of the seller from first-price auction
is more than that from the second-price auction. �
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